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Brandenberger and Vafa have proposed the string cosmological model based 
on T-duality. In this model, they took the toroidal target space and introduced 
the new position coordinate x conjugate to the winding mode, in addition to the 
position x conjugate to the momentum mode. In this way they can describe a 
universe larger than the string scale with the coordinate x and the one smaller 
with the coordinate x . Resultingly, they never encounter the singularity seen in 
the standard Big Bang scenario. The most interesting phenomenon in this model 
is the transition from i-space to x-space when the size of universe is nearly the 
string scale. Here, we define the dispersion of the momentum number m times 
the winding number w as the 'correlation' of momentum modes and winding 
modes. Then using the statistical mechanics of strings on a torus, we calculate 
the correlation in low and high temperature limits, and we study the possibility 
that we can observe this effect today, but we will see that this is unlikely. 
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1 Introduction 



One of the most interesting open questions in theoretical physics is the initial singularity 
problem in the early universe. In particular, Penrose and Hawking's singularity theorem has 
made it more serious. If string theory is the "theory of everything" , it should be able to solve 
this question. Recently, Brandenberger and Vafa [2] proposed a string cosmological model 
which may avoid the initial singularity due to the T-duality. [3] There, when one direction 
of the target space is compactified into S 1 , this duality implies the invariance of physical 
law by transforming the radius of S* 1 into its inverse and exchanging the quantum number 
of momentum modes for that of winding modes. Therefore, in addition to the coordinate x 
conjugate to the momentum mode, Brandenberger and Vafa introduce the dual coordinate 
x conjugate to the winding mode. Then, we can realize that the universe starts from a small 
size a;-space, which is large in x-space, to a large size x-space. In this model, therefore, it is 
possible that entire universe has never been shrunken to a point-like singular space. 

On the other hand, string theory has no direct experimental evidence, since we cannot 
obtain string scale energy with present experimental equipment. Therefore, it is natural to 
investigate cosmological observations in order to look for evidence that string theory is valid. 
In this paper, we study the 'correlations' between momentum modes and winding modes, 
which are defined in the next section, and the possibility that we can observe a trace of the 
x universe today. 

The plan of this paper is as follows: In this section, we review the Brandenberger- 
Vafa model and the T-duality. Then in §2 we define the 'correlations' of momentum modes 
and winding modes and describe the motivation of our work. In §§3 and 4, we give the 
calculation of the momentum-winding correlations in low and high temperature limits, and 
then we discuss the possibility of observing the trace of the x-space in §5. Finally, summary 
is presented in §6. 

Before we describe the Brandenberger- Vafa model, we first review T-duality. [4] As 
the simplest example of this duality, we consider a single bosonic string coordinate compact- 
ified on a circle of radius R. If we use the orthogonal gauge for the world sheet metric, then 
we can write the mass spectrum as 

where the first term represents the energy of momentum modes, the second the winding 
modes and the third and forth terms oscillation modes. If we define the dimensionless radius 
R as 

R=^ (2) 



this mass spectrum is invariant under the duality transformation 



m < — > w. (3) 
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Not only mass spectrum, but the entire string theory is invariant under this duality trans- 
formation, and this is the T-duality. 



As mentioned above, Brandenberger and Vafa have defined a new coordinate based 
on this duality as follows. [2] In general relativity, we can define the distance between two 
positions by measuring the time which a light ray takes from one position to the other and 
dividing it by the light velocity. If we wish to know the length precisely, we must compose 
many momentum modes and make sharply localized wave packets. In ordinary quantum 
field theory, we must define the position to be the Fourier transform of momentum states: 



\x) 



exp(ix ■ p)\p). 



(4) 



In the toroidal universe we are considering, it is difficult to make the wave packets when 
R is much smaller than 1, since it is extremely energetic, as determined by the uncertainty 
relation 

Ax ■ Ap > h. (5) 

In string theory, however, we can introduce a new position coordinate as the Fourier trans- 
form of winding number states: 



\x) — exp(ix -w)\w). 



(6) 



It is energetically easier to form the wave packets of winding modes than those of momentum 
modes. Since we are considering a torus target space, the periodicity of the coordinates is 



x 



x = 



x + 2irRVa' 



~ 27r r , 
X + ~R ^ " 



x + 2irRVa') , 



where we define the inverse radius R by 



r = r- 



(7) 



which is the radius of the universe in x, coordinates. 



Now, let us explain the cosmological scenario. In the present, the universe is ex- 
panding and we can take the coordinate of the universe as x. But, as one traces backward 
in time, the universe shrinks, and if R is smaller than 1 we describe it with x, and the dual 
radius R becomes larger and larger. To put it another way, at the beginning, the universe 
is very large in x and shrinks to R = 1. Then the universe enters into x-space, and the 
radius becomes larger as time goes on. In Fig.l, we represent the situation in which the 
universe expands in the coordinate x monotonically and shrinks in x. If we suppose that 
the radius does not diverge in both coordinates, there is no singularity. As Brandenberger 
and Vafa mentioned, the transitions between x- and x-spaces could occur many times, i.e., 
an oscillating universe. In any case, the most interesting physical phenomena can take place 
when this transition happens. In the next section, we investigate this region. 
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Figure 1: The time development of the scale factors in the Brandenberger-Vafa model. 



2 Correlation between the two modes 



As mentioned in the previous section, according to the Brandenberger-Vafa model, the uni- 
verse shrinks in the coordinate x first, and the radius of universe becomes a minimum at a 
certain point (R = 1). Then it expands in the coordinate x. The important point to note 
here is that the way of measuring the size of the universe is switched from x to x, where 
x and x are conjugate to the winding number w and momentum m, respectively. Around 
the transition area (R ~ 1) 'the correlation' of modes is defined as follows. In the R < 1 
region, the winding modes dominate, and wave packets are made of superpositions of wind- 
ing modes, while in R > 1 region the wave packet, are mostly made of momentum modes. 
As R grows from the R < 1 to the R > 1 region, the two modes must be correlated. As a 
representation of this 'correlation', we choose the dispersion of m times w, 

A(mi«) 2 = ((raw) 2 } — ((mw)) 2 , (8) 

where ( ) denotes the statistical average for a single string. In our calculation, the second 
term on the RHS, (mw) is vanishing since both m and w can assume positive and nega- 
tive values, so that A(mw) 2 = ((mw) 2 }. We explain why this dispersion represents 'the 
correlation'. 



Assume that there is a wave packet in the x-space with extension Ax, and in the 
x-space with extension Ax. From uncertainty principle in each space, 

Am 
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Figure 2: The quantum transition of momentum modes and winding modes at low temper- 
ature. 



AwR „ 

Ax • 7-pr > k. 

a' 1/2 



These two inequalities are combined into 



h 2 



Ax ■ Ax > —a'. (9) 

~ Am -Aw w 

Since the magnitude of Am ■ Aw is related to that of A(mw), as will be discussed in the 
following sections, we can determine that the possibility of making sharp wave packets in 
both rr-space and 5-space. From this point of view, we simply call the dispersion A(mw) 'the 
momentum-winding correlation'. Moreover, if this 'momentum-winding correlation' is very 
large, we assume that the wave packet in x-(or x-)space can carry information to the wave 
packet in x-(oy x-) space. In other words, the information in the world with R < 1 stocked 
in the wave packets in x-space can be conveyed to an observer in x-space where R > 1 if the 
correlation is large. 

Next, let us first consider the low temperature case. When fl < 1, string states 
are dominated by winding modes, and as R grows, low energy winding modes survive, and 
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Figure 3: The quantum transition of momentum modes and winding modes at high temper- 
ature. 



eventually only w ~ modes remain when R ~ 1. These states may be converted into small 
momentum modes m ~ 0, and then gradually be dominated larger momentum modes as R 
increases. Therefore, in the low temperature limit, there can be strings with m ~ and 
w ~ modes. The number of modes are so restricted in this case that no communication of 
information is possible. 

On the other hand, in the high temperature limit around R ~ 1, there can be many 
modes with m ^ and to / 0. If the number of such modes is sufficiently large, we can 
convey information with these modes from the x universe to the x universe. Figures 2 and 
3 indicate these permitted modes by dots at m-w plane at low and high temperature. In 
the low temperature limit, almost no modes are excited as R approaches 1, while at high 
temperature, many modes are excited in both winding and momentum modes. We discuss 
these correlations in the low and high temperature limit in the next two sections. 
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3 The momentum-winding correlation in low 
temperature limit 



Before we show the momentum-winding correlations in low temperature limit, we consider 
an ideal gas of bosonic strings in 26 dimensions and describe how to compute the statistical 
average for it. In Matsubara formalism, the free energy of a string gas can be evaluated 
from the path integral of a connected graph of strings on the space where Euclidean time 
direction is compactified with the period of inverse temperature (5. In the ideal gas limit, we 
assume that there is no interaction, so we take into account only torus world sheets which 
wind the Euclidean time direction at least once. We can express it as [5], 4 



Fb(P) = 



— f 

ra') 13 Je 



d 2 r 



(27ra') 13 Je (2ttt 2 ) : 



-(27TT 2 )- 12 e 4wT2 (| f(e 2nlT 



x 



j^exp 




(10) 



where r = T\ + ir 2 , f3 is the inverse temperature, V is the volume that we are considering, 
and f(z) is 



f(z) = n(i-z n ). 



n=l 



Here, in order to remove the tachyon modes of the bosonic string, we use the replacement 
| f(e 2mT ) |~ 48 — > | f(e 2mT ) | -48 —1, and the integral region is shown in the region E 
indicated in Fig. 4. We can also evaluate the free energy on the 25-dimensional torus T 25 
whose radius is R: [6] 



d 2 T 



(27ra')^ Je (27tt 2 ) 



r (27rr 2 )- 12 e 4 " T2 (| f(e 2mr ) |~ 48 -1) 



x(d) 25 



J^exp 



r 2 (3 2 



r=l 



4na'T 2 



where C\ is 



d(R,T) = v^^exp 



m 



2ixiTimw — 7rr 2 I -j^- + w 2 R 2 



(12) 



(13) 



From (13), we find that the free energy (12) is invariant under the duality transformation 
(3), as expected. In this form, however, it is difficult to understand how to evaluate the 
statistical averages about the string gas. Therefore, we reconsider these from the foundations 
of statistical mechanics. 



In the canonical ensemble method, the partition function of an ideal gas can be 
written as 



J2 ex P 



=i 



(14) 



4 Of course, we can rewrite this free energy in modular invariant form — a dual representation in which 
the integration region is chosen in a fundamental region. [8] But above we use the E-representation [8] for 
simplicity of calculation. 
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Figure 4: E region. 



where e a denotes the energy of a single string in a state a, and n a the number of strings in 
it. Since we are considering the on-shell bosonic string gas, the energy of a single string p 
in the 26-dimensional flat (noncompact) space-time is given by 



25 2 

\ J2(Pi) 2 + —;( N + N -2), (15) 
\ i=i a 

where the string mass M is 

M 2 = — (N + N-2). (16) 
a' 

There is the constraint equation 

N-N = 0. (17) 
The free energy of the string gas is given by 

V _ r d 25 p 



where we have expanded logarithmic and exponential functions in the second equality. Using 
the formula with the Gamma function 

u,- a = exp (-^f) s^ds, (19) 

2 a F(a) Jo V 2 J ' v ; 



we can integrate p out 

/(^F< p +M) / =fWf!)1 t< 2 

If we take into consideration the formulae 



-13 "~ 1 _Im 2 < 

its ) L .s 2 e 2 M 6 



ri- i + - 



r(-z) = ±oo, 

(-4)'/! 



v^F, Z = 0,l,2,-.. 



(20) 

(21) 
(22) 



the free energy is 



FbW) = -V £ f ^(2^ £ exp f-^M 2 , - 

M l J ° S r=l V 2 



r 2 /T 
2s 



(23) 



This is the free energy in proper time form. If we take account of the constraint (17) and 
perform the variable transformation 



s = 27raV 2 , 



(24) 



we then obtain the free energy (10). Similarly, we can calculate the free energy on T 25 by 
using the energy of a single string, 



Po 



25 



^S«' 1/2 



+ -(N + N-2), 
a 



and the constraint equation 



25 



n-n=y: 



rriiWi 



(25) 



(26) 



and we obtain the free energy (12). 



Next, we introduce the external field J, and calculate the average of some physical 
quantity A. To do this, we replace e a in (14) by e a + J A, and take the derivative with respect 
to J. Then, 



(A) = iMf |j =0 9 



\j=o 



(27) 



J=0 



The result is 

(A) 



V 



1 (-r/3) n r d 25 p d 



{(p 2 + M 2 ) 1 ' 2 + JA] 1 



j=o 



V 



1 (-r(3) n r d 25 p 



M 2 r=l n=0 



(27T) 



25 



(p 2 + M 2 )™/ 2 , 



(28) 



where we have replaced n — 1 with n in the second equality. The difference between this for- 
mula and the free energy (18) is only the factor (—r[3A). For the case A = ((X^^mjiu;) 2 )), 
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taking into account the fact that the factor (Ci) 25 in the free energy (12) is replaced by 



25 



(2ttt 2 ) 25 / 2 J2 E 

m.w \i=l 



1 1 



25 

n ex p 



/ „■ 9 — 9 

2niTimjWj — tvt 2 [ + WjR 



25 <9 2 



(29) 



we can obtain 



25 



\i=i 



d 2 T 



(2nr 2 )- 12 e 47TT2 (\ f(e 2mr ) |~ 48 -1) 



(27ra')^ Je ( 27r7 "2) 2 



x 



^(-r/3)exp 



r 2 f3 2 



.r=l 



47TQ; / T2 



25 <9 2 
(C,l)24 (2^^ (C<l) - 



(30) 



We must note that this average is taken over all strings of the system, so if we wish to take 
the average about one string, we must divide it by the number of strings in the system. This 
corresponds to the average of A = 1, i.e., 



(1) = 



1 



00 dr 2 f 1 / 



Jo 2ixt 2 J -i/2 



[ rfr 1 (27rr 2 )- 13 e 4 " T2 | /(e 2 ™ r ) 

J-l/2 

r 2 (3 2 



2irir\ 1-48 



x(Ci) 



^(-r/3)exp 



.r=l 



4na'r 2 



(31) 



Therefore, {(J2iti{ m i w i) 2 )) I (1) is what we want to know as the momentum-winding corre- 
lation. 



Now let us compute the momentum-winding correlation in the low temperature limit. 
If we take the large (3 limit in (30), the part which concerns the temperature consists of the 
terms in the square brackets, so that this integrand contributes only when r 2 is very large 
due to the exponential factor. In the large r 2 limit, we can expand the parts of integrand as 
follows: 



f(e 2niT ) T 48 ~ 1 + A8e' 2wT2 cos(27rr 1 ) + 600e- 47rT2 cos(47rn) + 24 2 e 



-2-KT2 



A-KT2 



(2 — 4lTT2 



d(R, r) ~ (27rr 2 ) 1 / 2 [l + 2e~*T? + 2e^ T2 ~ ie + 4e"^ 2+ ^ ) cos(27rr 1 )]. 
Substituting these into (30) and integrating about t±, we obtain 



25 



2400 



\i=l 



(2na') 



'0 r c 
0? Jo 



dr 2 r 2 3/2 e^ 2+ W^ 



x 



J2(-r(3) exp 



r 2 (3 2 



r=l 



Aita'T 2 



as the main part for large r 2 . Changing the integration variable r 2 to t = ^ and using the 
formula 



I 



oo p—ax 



e e * 



— \l —e 
a 



-2b^/a 



(32) 
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one obtains 



< 25 

\i=i 



2400V27rX]exp 



r=l 

2400v / 2vrexp 



1 1 X 1 / 2 



1 



R 2 

1 \ V2 



(33) 



In the second equality, because R 2 + — 2 > 0, we have kept the leading term in (3 — > oo 
limit. In the same way, we can compute (1) as 



(1) ~ 24 2 x SOv^exp 
+24 2 x 50 v 7 ^ exp 
+2400v / 27rexp 



a'^R 
(3R 



a 



/1/2 



(34) 



where, we have dropped the zero energy mode, namely that of N = N = 1 and m = w = 0, 
which makes no sense physically and gives a divergent contribution. Each term of (34) makes 
a major contribution for R > y/2,R < -j= and -j= < R < y/2, respectively. The results are 
summarized as follows: 



1. R > y/2 



2. R<± 



/ 25 
\i=l 



(1) 



' 25 
\i=l 



12 exp 



a 



^ [ {R + W ~R 



(35) 



(1) 



~ 12 exp 



(36) 



3. ^<R<y/2 



25 



u=l 



(1) 



1. 



(37) 



The result of (37) implies that all strings fall into states with either N — 1, N — 0, mj = 
±1, it;, = ±1 and other modes 0, or N — 0, N — 1, TOj = ±1, u>j = =Fl and other modes 0. In 
all cases the momentum-winding correlation goes to or 1 as (3 — > oo. 

Next, we compute the momentum- winding correlation of superstring theory in 10 
dimensions. Adding a fermionic part, we obtain the free energy of a superstring on T 9 in 
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proper time form [5] 



F S {P) 



•°° dr 2 f 1 / 



Jo 2nr 2 J -1/2 



( rfr 1 (27rr 2 )- 5 | tf 4 (0 | 2r) |- 16 (d) 

J -112 

r 2p2 < 



£(1- (-1)0 exp 



Lr=l 



47TQ: / T2 



(38) 



where i? denotes the Jacobi theta function. In consideration of a fermionic string gas together 
with a bosonic one, the average of ^(X^LiX 77 ^?) 2 )) is given by 



,00 ,1/2 _ 5 

JO 2-KTo J -1/2 



u=l 



-16 



(27ra')^ ^° 27rr 2 J-1/2 



X 



^(l-(-ir)(-r/3)exp 



r 2 /? 2 



Lr=l 



9 <9 2 



Similarly, the average of the number of strings is given by 



(1) 



1 



dr 2 /-V2 



x 



/i/z 
i/2 rfr 1 (27rr 2 )- 5 | tf 4 (0 | 2r) I" 16 (d) 

r 2 /3 2 N 



(2™')^° 27rr 2 7-1/2 

00 

E(l-(-l) r )(-^)exp 



T=l 



47ra; / r2 



Then making use of expansion 

I ^(0 I 2t) |" 16 ~ 1 + 32e- 2wT2 cos(27rr 1 ), 
we can calculate {(J2t=i( m i w i) 2 )) an d (1) i n the same way as the bosonic string 



^(miWif ) ~ 128 x Ov^exp 



\i=i 



1 1 \l/2 

-U R2 + m-v) ; 



(1) ~ 36V2tt 



exp 



P 



a 



+ exp 



PR 



a 



11/2 



The results are 



(39) 



(40) 
(41) 

(42) 
(43) 



I. R > 1 



2. i? < 1 



U=l 



(1) 



\i=l 



~ 32 exp 



1/2 _ 



(44) 



(1) 



32 exp 



(45) 



Therefore, even in the superstring case, the momentum-winding correlation goes to zero 
as ft — > 00. These results lead to the conclusion that in the low temperature limit, the 
momentum-winding correlations of both bosonic strings and superstrings are very small. 
Therefore, there is no possibility of the existence of sharp wave packets in both x-space and 
x-space. This implies no possibility of communicating information from rc-space to rr-space 
in the low temperature. 
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4 The momentum-winding correlation near the 
Hagedorn temperature 



When the radius of the torus universe is a minimum (R — 1), it is natural to think that 
the energy density and temperature of strings are extremely high. As Sathiapalan, [11] 
Kogan, [12] Atick and Witten [13] have pointed out, if the energy density is sufficiently 
large, coupling becomes strong and a phase transition may occur in this region. However, 
in so far as we do not know string thermodynamics in the strong coupling region yet, let us 
assume the coupling of strings is extremely small (the string length is much longer than the 
Plank length) in this section. A cosmological model with small coupling constant will be 
considered in the next section. 



In the weak coupling assumption, we can treat strings as an ideal gas, and it is well- 
known that temperature of a string gas has an upper limit — the Hagedorn temperature 
Th, since the degeneracies of oscillation modes grow exponentially with the eigenvalues of 
operators N and N . Near T#, we cannot believe the canonical ensemble method works as in 
the low temperature case, because energy fluctuations will be very large in this method. [7] 
In this section, therefore, we discuss the momentum-winding correlation near the Hagedorn 
temperature by using the more fundamental microcanonical ensemble method. 

First, we consider bosonic strings on a 25-dimensional torus T 25 . As the expectation 
value of winding number is evaluated in Ref. [10], we compute the momentum-winding corre- 
lation in the same way. Densities of states of oscillation modes N and N for large eigenvalues 
are [1] 

d N ~ * AT-27/4 e W^ 

v2 

A L jw-27/4 W# 

a N — ^-im e 

From these equations, we see that the number of oscillation modes increases exponentially at 
high energy so that in high temperature limit, most of the energy comes from the oscillation 
modes. This is the origin of the Hagedorn temperature. For fixed quantum numbers m and 
w, the density of a single string state f(e,m,w) is given by 

d 

f(e,m,w) = d N[e ^ w) dfj {emw) —N{e,m,w) 

For the given single string energy e and momenta p-i = a'~ 1 ^ 2 (m i /R—WiR), pi = a'~ 1 ^ 2 (m i / R+ 
WiR), we can use the approximation Pi/e, pi/e <C 1 when the masses of strings are much 
larger than the momentum or winding energy in the high temperature limit. In this approx- 
imation, f(e,m,w) can be rewritten 

I / o \ 25 

f(e,m,w) ~ - (—^r) e ^ e e~ A ^- B ^ , (46) 
e \a! 1 e) 
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where Ai and Bi are 



A, = 2 ' 



2nR 2 



and = Aticx' 1 ^ 2 is the inverse Hagedorn temperature. Summing over m and w, we obtain 
the single-string degeneracy f(e), 



25 



ofe£ ^ e - Aim? -Situ? _ (47) 



From this point, we consider the case in which all torus radii satisfy R ~ 1. When e satisfies 
the conditions a ,i/2^2 ^ 5 and 7yT/2 ^ £ > namely for —[72 <C e, we can approximate the 
summation over m and w by the Gaussian integral 



25 25 / ^2 \ V 2 



, 1 \A i B i/ 



On the other hand, the number of states is given by 

Q(E) ~ (3„ exp [(3„E + £(p H )] , (49) 

where is the total energy of the string gas, and £ is an analytic function of 0h, as calculated 
by complex temperature method in Ref.[9]. The average of the square of the momentum m 
times the winding number w is calculated from the formula 



25 



(mwi) 2 f(e,m,w) 

i=l mi,Wi 



fl(E-e), (50) 



where E is the total energy of strings and Ai is the cutoff which is needed for the approx- 



imation in (48), and is chosen as the larger value among 77172^5 and 7^172 • The sum in the 
square brackets is calculated from (48) by replacing (raw) 2 with derivatives about A and B, 
i.e., 



2 " d_ 
25 2 a' 



£ (mm) 2 f(e,m,w) = ^7^-7^- f( £ > m > w ) 

i=l mi,Wi i=l a/1 « OD % mi,Wi 



4 (2tt)' 



ee Pn£ . (51) 



Substituting this into (50), we obtain 
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This must be divided by the number of strings (1), which is 

rE 

(1) " /a 



^ d J{e)n{E-e) 



Vt{E) 



~ In 



E 

V 



(53) 



where A = ^7172 is the cutoff which is necessary for oscillation mode dominance approxima- 
tion. Therefore, the momentum-winding correlation is 



/ 25 

\i=i 



(1) 



25V E 2 
32tt 2 ; E 
Ao 



25V 






C 2 




32tt 2 


(P 




c 




[(P- 




25V 




S 2 






32tt 2 


Pi 


1 S ' 

m n 

Ph^o 







(54) 



where S represents for the total entropy. In deriving (54), we have used the fact that the 
inverse temperature and total energy of the string gas in the Bolzmann approximation are 
given by [2] 



E 



6A1 



bAi(3 2 H 



1/2 



P 2 H 



-1/2 



aS 2 S 2 

where, a = 0.56, b = 0.29 and C = (^i) 1 / 2 . We can see from (54) that if E is much 
larger than A (that is, if ft is very close to ftn and S is much larger than 1) then the 
momentum-winding correlation is very large. 

Here, we consider the uncertainty principle between the two coordinates x and x 
of strings. The average of the square of momentum number about a single string can be 
calculated by applying the derivative d/dAi to /, just as in (51), and we obtain 



[Am) 2 = 



t 25 

\i=i 



25a ,1/2 R 2 E 



(1) 
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(55) 



For the winding number, the fluctuation can be calculated similarly by applying d/dBi to /. 
These results are combined to obtain the uncertainty relation between the momentum and 
the winding number as 

25a ,1/2 E , , 

Am • Aw ~ — : (56) 
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From the relation (9), the uncertainty of the two coordinates x and x is given by 



Arr • Ax 



1 E 



25a'V2 E • (57) 
This means that if E is very large, there can be a wave packet sharp in both x- and x-space. 



Next, we consider the case in which the torus radii in d dimensions are much larger 
than 1 and the temperature is kept near the Hagedorn temperature. In the region A < e < 
Ai, we can approximate the sum of the winding modes w in d dimensions in (47) by 1, i.e., 



= 1. Then we obtain single string degeneracy: 

J V 1 a /d/4 £ d/2+l 



(58) 



For the case e > A 1; we can approximate all the sums in (47) by a Gaussian integral. We 
then obtain (48). According to Refs.[9] and [10], number of states in this case is 



n Q (E, R) = P H exp (3 H E + R d (£ + a) + 0(R d ~\ In R) 



(59) 



when the total energy E is larger than Ai, and from these equations, the momentum-winding 
correlation turns out to be 



v i=l 



d 2 a' 



E 2 -Aj 



(1) 
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d/2 + 2 I a^/ 2 + 2 Af 2+2 




(60) 



This result indicates that even in the case of large R, the momentum-winding correlation is 
very large if E is sufficiently large. 

As for the superstring, the momentum-winding correlation can be obtained in the 
same way as the bosonic string. The difference comes from the degeneracies of oscillating 
modes, [1] 

d N ~ (2iV)- 11 / 4 e" vW , 



a N — 
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which is the same as that of the bosonic string, except for a numerical factor. Therefore, 
even in the superstring case, the momentum-winding correlation is very large when the to- 
tal energy of the string gas is very large. These results lead to the conclusion that near 
the Hagedorn temperature, the momentum-winding correlations of both bosonic strings and 
superstrings are very large. Therefore, there is a possibility of the existence of sharp wave 
packets in both rr-space and x-space. This implies the possibility of communicating infor- 
mation from x-space to x-space. 



5 Inflationary cosmological model 



In the previous section, we saw that there is a possibility of exchanging information between 
x-space and x-space near the Hagedorn temperature. In order to investigate whether we can 
observe any trace of the x universe in our x universe, we must compare the expansion rate of 
the universe to the interaction rate of strings, and we must examine whether any information 
of the previous world has been kept today. Let us first consider the time evolution of the 
background metric of the universe. In the case that the torus universe is filled with string 
gas near the Hagedorn temperature, the time dependence of the scale factor has been solved 
in the low energy effective action by Tseytlin. [14] The low-energy effective action is 

S 2e = ~\J d 2& x^e~ 2 \n - 4V M 0V^), (62) 

where g is the determinant of the metric, the dilaton and TZ the scalar curvature. Here, 
we ignore the antisymmetric tensor. Then, we take the string gas effect into consideration 
with the matter action 

S m = \ J d 26 x^T, (63) 

where T is the trace of the energy-momentum tensor. We must note that we cannot trust this 
action in a high curvature region, but we ignore this effect at this point. For simplicity, we 
assume that the universe is homogeneous and isotropic and that the radii of the 22 directions 
of the torus are kept compactified and stable, and these effects can be disregarded. Then we 
adopt the line element of the remaining 3+1 dimensions as the flat Robertson- Walker type 
with a common scale factor in 3 spatial directions: 

3 

ds 2 = -dt 2 + ]T R 2 {t)dx 2 . (64) 
i=i 

The energy momentum tensor is assumed to be that of a perfect fluid with energy density p 
and pressure P: 

T; = diag(-p(t),P(t)5i). (65) 

The radius of the torus is chosen as the scale factor of the universe. As we can see from the 
number of states (49) or (59), the equation of state near the Hagedorn temperature is given 
by P ~ since the energy of the strings is dominated by oscillation modes and the kinetic 
energy is very small. Using these assumptions, we can solve the equations derived from the 
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Figure 5: The time development of scale factors and shifted dilatons in the Tseytlin model. 



low energy effective action, as was done by Tseytlin, [14] 



ip = ifo - In | t 2 - b 2 |, (66) 

1/V3 

R = R n - — t ■ (67) 



t + b 

Here Rq is the radius of the torus in the t — > — oo limit and ip is a shifted dilaton (p = 20 — 
3 ln.R which is invariant under the duality transformation. In Fig.5 to display the symmetry 
of solution, we use A instead of R, which is defined by the relation R(t) = = e x( - f \ 

As we can see from Fig.5, this solution has two regions, the inflationary one in t < — b 
and deflationary one in t > b. In the inflationary region, since both A and (p are increasing, 
is also increasing, as seen from the definition of ip. In order to be consistent with the 
weak coupling approximation in §4, we wish to choose the inflationary solution, because the 
coupling is very small when R ~ 1. However, there is the graceful exit problem in connecting 
this inflation and the present deflation, i.e., matter dominating universe. Veneziano et al. 
have proposed a pre-big bang string cosmology model, [16] in which the target space spreads 
out infinitely unlike the our torus model. There, both scale factors and string sizes extend 
consistently in the low energy effective action method. They attempted to connect inflation 
and deflation phases by introducing a dilaton potential which is expected to appear as a non- 
perturbative effect. However, for this connection of the two phases no-go theorem was proved 
by Kaloper, Madden and Olive [17] (see also Ref.[18]). Therefore, we cannot connect those 
two solutions in the low-energy effective action with dilaton potential when the equation of 
the state of string matter is given by P = 7p with — 1 < 7. Although, this no-go theorem 
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is applicable to our model, where 7 = 0, we simply assume that the connection of the two 
phases is possible for some unspecified reason in the following arguments. 



Second, we wish to see the interaction rate of strings. However, we do not know 
the high energy interaction of strings precisely enough. We would like to focus on the 
gravitational effect to metric perturbation. We suppose that there were energy fluctuations 
of strings in x-space created by the momentum-winding transition, and consider whether 
this information has been kept to the present day. If the expansion rate of the universe is 
larger than the gravitational interaction rate, then the metric fluctuation is frozen during 
the inflation. In general, however, inflation models are introduced for solving smoothness 
problems, that is, we cannot observe metric fluctuations created before the inflation at least 
within our photon horizon today. In fact, the cosmic no hair theorem has been discussed by 
many people. Therefore, it seems that the fluctuations created by the momentum-winding 
uncertainty is not kept today within the inflation model. Of course, the string cosmology 
model is different from the usual inflation models at the point that the gravitational coupling 
changes in time, and there is little hope that the energy density fluctuation is amplified by 
the Jeans instability. However, this is shown not to be the case below. The Jeans length is 
defined by 

L\ = ^, (68) 

where G is the gravitational coupling and p is the energy density of strings. In our case, 
G = e 24, and p = ER~ 3 , so that 



' \t 2 -b 2 \ ' 
a' 1/2 Ee^ 



1/2 

(69) 



As time passes, in spite of the decrease of the energy density p, Lj continues to decrease 
because the coupling G increases more rapidly. From this it seems that Lj will be smaller 
than the string extension Ax, and the fluctuation of energy density will be amplified by 
the Jeans instability. As the universe is in the inflation phase, however, the event horizon 
appears. If Lj is larger than this horizon size, the Jeans instability is ineffective, since the 
gravitational force does not reach beyond the horizon. The event horizon is defined by 

where, in our case, t max is —b. If (67) is substituted into (70), L H is represented in the form 
of an infinite sum, 

2b ~ 1 

V^hi l/V3 + n \t-b / 

so that Lh also shrinks as t approaches —b. Since the infinite sum in Lh is complicated, 
we pick up the first term to compare Lj and Lh, and consider the case for Lj < —(t + b). 
This condition implies R < 2 1 ^ 2v ^R , so that the horizon scale becomes smaller than the 
Jeans length long before the universe expands rapidly (t <C —b). If we include the infinite 
sum in (71) the upper bound is lower than this. Therefore, there is no possibility of the 
amplification of the energy density fluctuation as a result of the Jeans instability. This 
implies that the metric perturbation coming from momentum-winding transition is frozen 
during the inflation phase, and we cannot observe this perturbation if the universe has been 



= - (i + 6) -^£w^ ( ^) ' (71) 
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expanded by inflation, and thereby the wavelength of fluctuations become longer than the 
particle horizon at present. 



6 Summary 

In this paper we have analyzed the momentum-winding transitions in the Brandenberger- 
Vafa model by taking account of the momentum-winding correlations. As we have seen in 
§§3 and 4, the momentum-winding correlation is very small in the low temperature limit, 
while very large near the Hagedorn temperature. Therefore, in the low temperature limit, 
there is no possibility of the existence of sharp wave packets in both x-space and x-space, 
which implies no possibility of exchanging information from x- to x-space. Contrastingly, 
near the Hagedorn temperature, there is a possibility of the existence of sharp wave packets 
in both x- and x-space, and of exchanging information from x- to x-space. Then we con- 
sidered the inflational string cosmological model based on the calculation of Tseytlin using 
the low energy effective action method. Investigating whether the amplification of energy 
density fluctuations occurs through the Jeans instability, we have concluded that there is no 
possibility of this amplification in this model. This means that if the period of inflational 
phase is sufficiently long, we cannot observe this fluctuation. In any case, we must resolve 
the no-go theorem and construct a model of a universe for the whole time region in order to 
discuss whether the fluctuations would remain in our horizon today. 
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